複数の遅れを持つ非線形差分方程式の大域的安定性 (数理モデルと関数方程式の解のダイナミクス) by 室谷, 義昭 & 石渡, 恵美子
Title複数の遅れを持つ非線形差分方程式の大域的安定性 (数理モデルと関数方程式の解のダイナミクス)
Author(s)室谷, 義昭; 石渡, 恵美子









Department of Mathematical Sciences, Waseda University
(Emiko Ishiwata)
Department of Mathematical Information Science, Tokyo University of Science
1
$x(n+1)=x(n)- \sum_{j=0}^{m}aj(n)f(x(n-j))$ , $n=0,1,2,$ $\cdot\cdot$ . ,
$(1.1)$
$x(j)=xj\geq 0$ , $-m\leq i\leq 0$, $\delta \mathrm{l}\vee\supset$ $x(0)=x_{0}>0$
. , $f$ (x) $(-\infty, +00)$
$f(0)=0$ $f(x)\neq x$ , $\lim_{xarrow-\infty}f$(x) . (1.2)
, $\{aj(n)\}_{n=0}^{\infty},0\leq j\leq m$ .
$aj(n)\geq 0$ , $\sum_{j=0}^{m}aj(n)>0$ $\hslash>’\supset$ $\sum_{n\triangleleft-}^{\infty}\sum_{j=0}^{m}aj(n)=+$oo. (1.3)
Ll (1.1) , $\epsilon>0$ $n_{0}$ , (1.1)
$\{x(n)\}_{n=0}^{\infty}$ $|x(n)|<\epsilon,$ $n$ = , $n_{0}+1,$ $\cdots$ $^{\wedge\wedge}\vee t$
$\max\{|x(n_{0}-j)||j=-h, -k+1, \cdot. . , 0\}<\delta$
$\delta=\delta(\epsilon)>0$ .
L2 (1.1) , (1.1) $narrow\infty$ ,
0 .
L3 (1.1) , ,
.
$f(x)=e^{x}-1 \hslash>\vee\supset a_{j}(n)=ra_{j}/(\sum;=0^{a_{j})}’ 0\leq j\leq m\sigma)\text{ _{}\mathrm{D}}^{\mathrm{A}}$, Gopalsamy et al.[1] $l_{\mathrm{L}}^{\approx}$
, $r\leq\log 2/(m+1)$ (1.1)
. So and Yu [3] , .
A(So and Yu [3]). (1.3) (1.1) , $f$ (x) $=e^{x}-$ 1 $a_{j}$ (n) $=$
$r(n)a_{j}/( \sum_{j=0}^{n}a_{j})$ (aj’ $0\leq j\leq m$ )
$\sum_{k=n-m}^{n}\sum_{j=0}^{m}aj(k)=\sum_{k=n-m}^{n}r(k)\leq\frac{3}{2}$ , $n\geq m$ (1.4)
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. , (1.1) .
, (1.2) (1.3) (1.1) , ” $3/2$ ”
$f(x)=x$ Gy\"ori and Pituk [2]
( 1.1 ).
$r_{1}= \lim_{n\geq 0}\sup\sum_{j=0}^{m}a_{j}(n)$ , $r_{2}= \lim\sup_{k}\sum_{=n-m}^{n-1}\sum_{j=0}^{m}a_{j}(k)n\geq m$ ’ $\varphi(x)=x-r_{1}f(x)$ (1.5)
, .
Ll
$\varphi(x)<0$ , $x<0$ (1.6)
$\{$
$\varphi(-r_{2}f(L))-r_{2}f(-r_{2}f(L))>L$ , $L<\hat{L}$ ,
$-r_{2}f(-r_{2}f(L))>L$ , $\hat{L}\leq L<0$
$(1.7)$
. , $\varphi(x)<0,$ $x$ >0 , $\hat{L}=0$ , [1 , $\hat{L}<0$
$\varphi(-r_{2}f(\hat{L}))=0$ , . , (1.2) (1.3) (1.1)
. , $f(x)=e^{x}-1$ , (1.7)
$r_{1}\leq r_{\sim}?\leq 1$ , $r_{2}< \hat{R}(r_{1})+\frac{-1+\sqrt{5}}{2}$ (1.8)
. , $\hat{R}(1)=0$ , $r_{1}<1$ , $\hat{R}(r_{1})=-r_{2}f(\hat{L})>0$
$\varphi(\hat{R}(r_{1}))=0$ .
(1.8) (1.4) $\backslash ,$ $r_{1}\leq r’\sim^{)}\leq 1$ $r_{1}+r_{2}> \frac{3}{2}$





So and Yu[3] , ([3] 2.1, 2.2 3.1
).
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2.1 $\{x(n)\}_{n=0}^{\infty}$ (1.2) (1.1) . $x$ (n)
0 ( ) , $x(n)$ ( ) , $\lim_{narrow\infty}x(n)$
, $\lim_{narrow\infty}x(n)=0$ .
( ) $x(n)$ 0 . (1.1) ,
$x(n+1)-x(n)=- \sum_{j=0}^{m}a_{j}(n)f(x(n-j))\leq-\sum_{j=0}^{m}a_{j}(n)f(0)=0$
$x(n)$ , $\lim_{narrow\infty}x$ (n) . $\alpha=\lim_{narrow\infty}x$(n)
, $\alpha>0$ , $x(n)$ $\alpha$ , $x(n-j)\geq\alpha,$ $\leq$
$j\leq m,$ $n\geq\overline{n}_{1}$ $\overline{n}_{1}\geq 0$ .
(1.1) ,
$x(n+1)-x(n) \leq-\sum_{j=0}^{m}a_{\mathrm{j}}(n)f(\alpha)$ , $n\geq\overline{n}$1.
$\overline{n}_{1}$ $n-1$ , $x(n) \leq x(\overline{n}_{1})-(\sum_{k=\overline{n}_{1}}^{n-1}\sum_{j=0}^{m}a_{j}(k))f(\alpha)$ , $\sum_{n=0}^{\infty}\sum_{j=0}^{m}a_{j}(n)$
$=+\infty$ , $\lim_{narrow\infty}x(n)=-\infty$ . $\alpha>0$ . , $\lim_{narrow\infty}x(n)=$
$0$ . $x(n)$ 0 .





( ) $x-\infty \mathrm{J}\mathrm{i}\mathrm{m}f(x)=-\beta>-\infty$ . (1.1)-(1.2) ,
$x(n+1)-x(n) \leq\beta\sum_{j=0}^{m}a_{j}$ (n), $n\geq 0$ . (2.1)
, $x(n)$ . $\lim_{narrow}\sup_{\infty}x(n)=+\infty$ , 2.1
, $x$ (n) . ,
$x( \overline{n}_{k})=\max_{n0\leq\leq\overline{n}_{k}}x(n)>0$ , $x(\overline{n}_{k})\geq x(\overline{n}_{k}-1)$ $\lim x(\overline{n}_{k})=+\infty$
k\rightarrow
, $\overline{n}_{k}\geq 0$ $\{\overline{n}_{k}\}_{k=1}^{\infty}$ . ,
$0 \leq x(\overline{n}_{k})-x(\overline{n}_{k}-1)=-\sum_{j=0}^{m}a\mathrm{j}(\overline{n}_{k}-1)f(x(\overline{n}_{k}-1-j)))$
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, $\sum_{j=0}^{m}a_{j}(\overline{n}_{k}-1)f(x((\overline{n}_{k}-1-j)))\leq 0$ . , $x(\xi_{k})\leq 0$
$\xi_{k}\in[\overline{n}_{k}-1-m,\overline{n}_{k}-1]$ . (2.1) $\xi_{k}$ $\overline{n}_{k}-1$ , .
$x( \overline{n}_{k})\leq x(\xi_{k})+\beta\sum_{k\dot{|}-\prec}^{\overline{n}_{k}-1}\sum_{j\sim-}^{m}a_{j}(i)\leq\beta\lambda$ .
, $\lim\sup x(\overline{n}_{k})\leq\beta\lambda$ . $x$ (n) .
$karrow\infty$
, $x(n)\leq\beta\lambda,$ $n$ \geq 0 .
(1.1)-(1.3) ,
$x(n+1)-x(n) \geq-\sum_{j=0}^{m}a_{j}(n)f(\beta\lambda)$ , $n\geq 0$ . (2.2)
, $x$ (n) . $\lim_{narrow}\inf_{\infty}x(n)=-\infty$ . $x(n)$ 0
, $\underline{n}_{k}\geq 0$
$x( \underline{n}_{k})=\min_{0\leq n\leq\underline{n}_{k}}x(n)<0$ , $x(\underline{n}_{k})-$ x(\eta -1)\leq 0 $\hslash\backslash ’\supset$ $\lim_{karrow\infty}x(\underline{n}_{k})=-\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
$\{\underline{n}_{k}\}_{k=1}^{\infty}$ .
$0 \geq x(\underline{n}_{k})-x(\underline{n}_{k}-1)=-\sum_{j=0}^{m}a_{j}(\underline{n}_{k}-1)f(x(\underline{n}_{k}-1-j))$
$x(\eta_{k})\geq 0$ $\eta_{k}\in[\underline{n}_{k}-1-m,\underline{n}_{k}-1]$ . (2.2) $\eta_{k}$ $\underline{n}_{k}-1$
, .
$x( \underline{n}_{k})\geq x(\eta_{k})-\sum_{i=\eta k}^{\underline{n}_{k}-1}\sum_{j=0}^{m}a_{j}(i)f(\beta\lambda)\geq-\lambda$f $(\beta\lambda)$ .
, $\lim\inf x(n)\geq-\lambda f(\beta\lambda)$ , . , $x$ (n)
$n\prec\infty$
, .
2.1 $f(x)\neq x$ , 2.2 , (1.1) $x(n)$ 0
, .
2.3 (1.2) (1.3) $\{x(n)\}_{n=0}^{\infty}$ (1.1) . $|x(n+1)|>|x(n)|$
,
$\{$
$x(n+1)>0$ , $x(g(n))= \min_{0\leq j\leq m}x(n-j)<0$ ,




( ) $x(n+1),$ $x(n-j)\geq 0,0\leq j\leq m$ , (1.1) , $0\leq x(n+1)\leq x$ (n)
. , $x(n+1),$ $x(n-j)\leq 0,0\leq j\leq m$ , (1.1) , $0\geq x(n+1)\geq x(n)$
. , $|x(n+1)|>|x(n)|$ (2.3) .
$g$ , $n\geq m$ $g(n)\geq 0$ .
2.4 (1.6) , (1.2) (1.3) (1.1) $x$ (n) 0
. $L<0$ , $x(n)\geq L,$ $n\geq n_{L}-m$ $n_{L}\geq m$
, $n\geq n_{L}$ ,
$x(n+1)<R_{L}$ $x(n+1)\geq S_{L}$ (2.4)
. , $R_{L},$ $S$L
$\{$
$R_{L}=-( \sup_{n\geq m}\sum_{k=n-m}^{n-1}\sum_{j=0}^{m}a_{j}(k))f(L)$ ,
$S_{L}= \min$ ( $R_{L}-( \sup_{n\geq m}\sum_{j=0}^{m}a_{j}$ (n)) $f(R_{L}),$ $0$ ) $-( \sup_{n\geq m}\sum_{k=n-m}^{n-1}\sum_{j=0}^{m}aj(k))f(R_{L})$ .
(2.5)
, $n\geq m$ ,
x(n+y<R- $x(n+1)>S_{-\infty}$ (2.6)
. ,
$\{R_{-\infty}=-(\mathrm{h}.\mathrm{m}\sup_{-=\min(R-\infty}\sum_{(s_{-\infty}\lim_{n}}^{n-1}narrow\infty k-(\lim=n-mnarrowarrow\infty\sup\sup\Sigma a_{j}(k))(_{xarrow}\lim f(x))j-\triangleleft\infty mk=n-mj=0\sum_{a_{j}(k))f(R_{-\infty})>-\infty}^{-\infty}j=0m\Sigma^{n-1}a_{j}(n))f(R_{-\infty}),0)\Sigma^{<+\infty}m’$ (2.7)
( ) , $x(n+1)>0$ $|x(n+1)|>|x(n)|$ $n\geq n_{L}$
, 2.3 , $L \leq x(g(n))=\min_{0\leq j\leq m}x(n-j)<0$ $g(n)\in[n-m, n]$
. , (1.1) ,
$\{$






$x(n+1) \leq x(g(n))-(\sum_{j=0}^{m}a_{j}(n))f(x(g(n)))-\sum_{k=g(n)}^{n-1}\sum_{j=0}^{m}a_{j}(k)f(\prime x(k-j))$
, (1.6) $x(g(n))<0$ , .
$x(g(n))-$ ( $\sum_{j=0}^{m}a_{j}$ (n))$f(x(g(n)))<0$ .
, $n\geq n_{L}$ ,
$x(n+1)<- \sup_{n\geq m}(\sum_{k=g(n)}^{n-1}\sum_{j=0}^{m}aj(k))f(L)\leq R_{L}$ .
, $x(n+1)<0$ $|x(n+1)|>|x(n)|$ $n\geq n_{L}$ ,
2.3 , $0<x(g(n))= \max_{0\leq j\leq n}x(n-j)\leq R_{L}$ $g(n)\in[n-m,n]$ ,
$x(n+1) \geq x(g(n))-(\sum_{j=0}^{m}a_{j}(n))f(x(g(n)))-\sum_{k=g(n)}^{n-1}\sum_{j=0}^{m}a_{j}(k)f(x(k-j))$.
, $n\geq n_{L}$ ,
$x(n+1) \geq\min(R_{L}-(\sup_{n\geq m}\sum_{j=0}^{m}a_{j}(n))f(R_{L}), 0)-(\sup_{n\geq m}\sum_{k=n-m}^{n-1}\sum_{j=0}^{m}a_{j}(k))f(R_{L})=S_{L}$ .
, (2.4) . (2.6) .
( Ll ) $L<0$ , $x(n)\geq L,$ $n\geq n_{L}-m$ $n_{L}\geq m$
, 2.4 , (2.4) . ,
$S(x)= \min(\varphi(-r_{2}f(x)),0)-r_{2}f(-r_{2}f(x))$
, $x<0$ $S(x)>x$ , (1.7) .
, $\lim_{narrow\infty}x(n)=0$, , (1.1) .
, $f(x)=e^{x}-1$ . $\hat{L}\leq 0$ , $\hat{R}(r_{1})=-r_{9}.f(\hat{L})=r_{9}(\sim 1-e^{\hat{L}})\leq r_{2}$
,
$\cdot$
$0\leq x<\underline{-1}+L\mathrm{s}\overline{2},$ $x^{2}+x-1<0$ , (1.8)




$0\leq x\leq r_{2}-\hat{R}(r_{1})=r_{2}e^{\hat{L}}$ ,
$h(x)=(1- \frac{1}{1-x})(-x)-1=\frac{x(x+1)-1}{1-x}<0$ .
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, $L<\hat{L}$ $x=r_{2}e^{L}<r_{2}e^{\hat{L}}$ ,
{ $1-(r_{1}+r_{2})e^{-r_{2}}$ f”)}(-r2e
$L$ ) $-1$ $\leq 0$
,
$\{1-(r_{1}+r_{2})f’(-r_{2}f(L))\}(-r_{2}f’(L))-$ $1$ $\leq 0$ , $L<L$ . (2.8)
, $r_{1},$ $r_{2}\leq 1$ , $\hat{L}\leq L<0$ $\varphi$ ( $-r_{2}f$(L)) $\geq 0$ , $q(L)=$
$-f(-f(L))-L$ ,
-r2$f(-r_{2}f(L))\geq-f(-f(L))>L$ , $L<0$
. $L<0$ $\nu\backslash$ , $q’(L)=e^{L-f\langle L)}-1<0$ $q(L)>q(0)=0$
. , (1.7) 2 . (2.8) ,
$?(-r_{2}f(L))-r_{2}f(-r_{2}f(L))-L>$ $\varphi(-r_{2}f(\hat{L}))-r_{2}f(-r_{2}f(\hat{L}))-\hat{L}$
$=$ $-r2f(-r_{2}f(\hat{L}))-\hat{L}>0$ , $L<\hat{L}$ .
, $f(x)=e^{x}-1$ , (1.8) (1.7) $\mathrm{A}\backslash$ .
2.1 (cf. Gy\"ori and Pituk [2]) $f(x)=x$ , (1.5) $r_{1},$ $r_{2}<1$ ,
$f(x)=x$ (1.3) (1.1) .
1.1 , .
$x(n+1)=x(n)-p(n)f(x(g(n)))$ , $n=0,1,2,$ $\cdots$ , (2.9)
$x(j)=xj\geq 0$ , $g(0)\leq 7$ $\leq 0$ , $\emptyset 1’\supset$ $x(0)=x_{0}>0$.




22 (2.9) , 1J . ,
$r_{1}= \lim_{n\geq}\sup_{0}p(n)$ , $r_{2}= \lim\sup_{jg(n)\geq 0}\sum_{=g(n)}^{n-1}p(j)$ . (2.10)
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Proceedings of SICDEA, Hungary, August 6-11, 1995, Gordon and Breach Science,
Langhorne, $\mathrm{P}\mathrm{A}$ , (1997).
[3] J. W.-H. So and J. S. Yu, Global stability in a logistic equation with piecevise
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